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1 Introduction

Basic Definition
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2 Trajectory-Based Model

� � 
 � � � �	 � �� �� � �� �� � �	 �� �� � � 
 � 
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trajectories:

�	 � V� 	 � �	 � 
� �� � � 	 � � � � D� �	 � 
� �� � �� � �� �

		 � � � 
� , � , 
 
 , . . . �
(D, +, 0)� 
 
 
 � � � � � �	 
 
 � 
 � �

+� � �� 	 � � � � � �	

� � �	 � � 
 � �	 � 
 � D� x ≤ y
���⇔ ∃ z . x + z = y

• 0" + % �� + " + $ + � �

• 0� � %� *� �� . " + ' + � - � x + y = 0 ⇔ x = y = 0

� 
 � �� � � � � � � 
� 	 �	 
 	 � � ∞ ∈ D

• - "+ % � + �� + " + $ + � �

• � # � ! % � !+ " " % �� * +

February 2005 / � / RelMiCS 8



Towards an Algebra of Hybrid Systems

� 
 � d ∈ D �	 �	 � �	 � �	 �� � � � � �� tim d 
� � � 
 � � �� � �	 � � 
 	 � � �

tim d

���

=





[0, d]� � d 6= ∞

[0, d[ 
 � �	 � � � �	

Definition 2.1 � � � � � �� � � � � t� � � �� � � (d, g)� � �	 �	 d ∈ D� � �

g : tim d → V� � �	 � d� � � �	 �� � �� � �� 
� � �	 � �� �	 � � 
 � �� � �	 � 
 � �	


� tim d� � �	 � g� � � � � � �� 	 � ran (d, g)


 + 
 "� � + (d, g)(0) # " g(0)

� $ + �+ � # %" " � " % �+ ! � # "� + �� � % + � # � + %� 
,
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composition of trajectories:

(d1, g1)·(d2, g2)

�� �
=






(d1 + d2, g) � � d1 6= ∞ ∧ g1(d1) = g2(0)

(d1, g1) � � d1 = ∞

� � �	 � �	 � 
 � �	 � � � �	

� � � � g(x) = g1(x)� 
 � � � � x ∈ [0, d1]� � � g(x + d1) = g2(x)� 
 � � � �

x ∈ tim d2�

� � �	 
� � � 	 � 
 ��	 � � � � � �� �	 � � 
 � �

(0, g1) · (d2, g2) = (d2, g2)� g1(0) = g2(0)

# � $ + " 
� �+ � � % + � � + %

(d2, g2) · (0, g1) = (d2, g2)� d2 6= ∞ % � % g2(d2) = g1(0)
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Definition 2.2 � � � � � � � � � � � �	 � 
� � �� �	 � � 
 ��	 ��

inf �

���

= {(d, g) ∈ A | d = ∞} fin �

���

= A − inf A

� 
 
 � 
 �� � � 
 � � � � � � �	 �

A · B

���

= inf A ∪ {a · b | a ∈ fin A, b ∈ B}

� �	 �	 � I 
� � � � � 	 � 
 ��	 � � � � � �� �	 � � 
 ��	 � � � � �	 �	 � � �� � 	 �	 
 	 � � �
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restricted form of composition (chop)

A_B

���

= (finA) · B ,

� �	 � � � 
 � � � � �� �	 � � 
 ��	 � � �� � � � � � � � � � �	 � � � � �	 �	 � 
 � � � � 
� 	 � �

� 
 � � �	 � A · B = inf A ∪ A_B

� 	 � 
 � �� � � � 
 � 
 
 �	 � � �� �� � � �	 �� �� � � � 
 � �
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3 Left Semirings and Modalities

Definition 3.1 � �� � 
 � � �� � � �� � � �� 	 (S, +, ·, 0, 1)�

(S, +, 0)� 
 
 
 � � � � � �	 
 
 � 
 � �

(S, ·, 1) 
 
 � 
 � �


 � � � � � � �� � � � 
 � � � �	 � � � � � �� �� � � � � �	 �
(a + b) · c = a · c + b · c

0� � � �	 � � � � � � � � � � � 
 ��

0 · a = 0 = a · 0

	� �	 
 � �� � � � � � � 
� � �� ��� � �	 � �� � � �� � � � � � � �� �� � � � � � � � � �
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Definition 3.2 � � �� � � � �� � �	 � � �	 
 � �� � ��

a + a = a

� 
 
 � 
 �� � � 
 � ·� � �� � � � �� � 
 � 
 �	 � b ≤ c ⇒ a · b ≤ a · c

� �	 �	 a ≤ b

���⇔ a + b = b

� �� � � � � � � � �	 �	 � � � � �	 � � 	 �� 	 �	 
 	 � � >

�	 � � �� � 
 � 
 � �� � � � 
� ·� 
� � 
 � � � � 
 
 � � � �	 � � � � � �� �� � � � � � � � �


 
 �	 
 �	 �� 0� � � �	 �	 � �� 	 �	 
 	 � �
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Definition 3.3 � �� � �� �� � �� � �� � � � �� �� � � � � � � � �� � �� 	 � � � � �

(S, +, ·, 0, 1)�

(S, +, ·, 0, 1)�	 � � �	 
 � �� � �
S� 
 
 � �	 �	 � � � � �� 	 � � �	 � � �	 �� � � �� � 
 � �	 �

·� � � � � �	 � �� � � � � � � �� �� � � �	 � � �	 � � � � �� 
 	 � �

Definition 3.4 � �� � � � � � � �� �� �� � �� �

� 
 
 � �	 �	 � � � � �� �� � � � � �	 � 
 
�	 � � � � �	 � �� � � � � �	 �� � � � � � � � � �� 	
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	 �� 
 � �	 ��

� � �	 � �� 
� � � �� � � �	 � � � � 
 � � 
 � �

� � �	 � �� 
� � 
 � 
 � � � � � �� � �	 � � � �

� � 
� 	 � �	 � � 
 �

���

= (P( � 
 � ),∪, ∅, ·, I)
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Definition 3.5 � �� � � � �� � �� � � �� 	 (S, test(S))�

S� �	 
 � 
 �	 � � �	 � � �	 
 � �� � �

test(S) ⊆ [0, 1] � 
 
�	 � � �� � � � �	 � �� 
� � �	 � � �	 � �� � [0, 1] 
 � S

�� � � � �� � 0, 1 ∈ test(S)

� � test(S) : p + q = p t q� p · q = p u q

¬ �	 � 
 � 	 �� 
 
 � �	 
 	 � � � � � 
 � � � test(S)

� �� � 
 � 
� �� � � 
 � � � � � � � �	 � �

� 
 � �	 � � 	 �� 	 � 
� a u b	 � � �� � � �	 �

p · (a u b) = p · a u b = p · a u p · b .
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Definition 3.6 � �� � � � � � �� � �� � � �� 	 (S, p)

S�	 � � �	 �� �	 
 � �� � �

� � � � �� 
 �	 �� � � 
 � p: S → test(S)

a ≤ pa · a , p(p · a) ≤ p , p(a · pb) ≤ p(a · b) .

	 a, b ∈ S, p ∈ test(S) �

�� 
 	 � � � 
 
 � � � � 
 
 � � � �	 
 � �� � � � � 
 �	 � �	 � � � � � � �	 � � �	 �	 �� � �

� 
 � �	 � � 	 �� 	 � � ��� 
� �	 � �� ��


 � � � � � � � � 
 � � � � � 	 	 � �	 � �	 � � 
 �	 � � � 
 
 � � � �	 
 � �� � � �
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in PRO:

test( � 
 � ) = {(0, g) | g(0) = v, v ∈ V} 	� 	 � 
 ��	 � � � � � � 
� 	 � �	 � �

pA = {(0, g(0)) | (d, g) ∈ A} 	 �� � � � � � � � 
 � � � � �

P ∈ test( � 
 � ) ⇒ P u A · B = (P u A) · (P u B)

� 
 �	 
 �	 �� ·� � � 
 � � �	 �	 � �� � � � � � � �� �� � � � � �	 �
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Definition 3.7 � �� � � � � �� � �� 	 � � � � (S, ∗)

S� �	 
 � 
 �	 � � �	 
 � �� � �

∗ 
 �	 �� � � 
 �

1 + a · a∗ ≤ a∗ , b + a · c ≤ c ⇒ a∗ · b ≤ c .

Definition 3.8 � �� � ω �� 	 � � � � (S, ω)

S�	 � � � �	 	 �	 � � �	 � ��

ω 
 �	 �� � � 
 �

aω = a · aω , c ≤ a · c + b ⇒ c ≤ aω + a∗ · b.
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4 Temporal Operators

�	 �	 �� � �� � � � 
 � 
� � �	 � � � � � � �	 � �� �� 	 
 �	 �� � 
 � � � � � � � �� 
� 
 � � � �	

� 
 � → ( � 
 � → test( � 
 � ))

		 � � � E
′A . W

���

= p(A ∩ W) �
t ∈ E � � � = ∃ u ∈ A : t · u ∈ W = WbA,

t ∈ A � � � = ∀ u ∈ A : t · u ∈ W = W/A,

AE � � � = (EA . W) u (AA . W),

� �	 �	 x ≤ b/a

�� �⇔ x · a ≤ b� � � �	 �	 � � �	 �� � � � � � � � bba

���

= b/a� �

� �	 �� � � � �	 � � � � 
 	 � � �
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Lemma 4.1 
 � � � 
 
�	 � � �	 �� � � � � � � �	

p(b u w) = wbb u 1 = bbw u 1 .

February 2005 / 0 � / RelMiCS 8



Towards an Algebra of Hybrid Systems

Lemma 4.2 �	 � � � � � 〈a〉b

���

= Ea . b� � � [a]b

���

= Aa . b 
 � � 	 �

� �	 �	 
 �	 �� � 
 � � � � � 
 � � 
 �	 � 
 
 �� � 
 �	 �� � 
 � ��

� � 〈a〉� � � � � �	 � �� � � � � � � �� �� � � �	 � � � [a]� � � � � �	 � �� � � � � 
 � �� �� � � �	 �

� � 〈a · b〉c = 〈a〉(〈b〉c)� � � [a · b]c = [a]([b]c)�

� � 
� ·� � � 
 �� � � �	 � � � � � �� �� � � �	 � � � � � �� � � � � � � � 
 	 � � � � �	 � 〈 〉� �

� 
 �� � � �	 � � � � � �� �� � � �	 � � � [ ]� � � 
 �� � � �	 � � � � � � � � � �� �� � � �	 �

	 〈 〉� � � [ ] �	 �� �� � 	 � �	 � 
 � �� � �	 � � � � �	 �� � �� � �	 	 � �	 � � �� � � � � � � �
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5 Range-Restriction Operators

in PRO:

�	 �� ��� � � �	 �� � �	 ran �

���

=
⋃

t∈A
ran t

P ∈ test( � 
 � )� � � � 
 
 
 � � � �� � 
 � �� � �	 � S ⊆ V

3P

���

= F · P · >

�	 � 
� � � � � �� �	 � � 
 ��	 � � � 
 �	 �� � �	 �� � 
 �	 � 
 � � � � � P�

� �	 � � 3P = {(d, g) ∈ � 
 � | ∃ x ∈ tim d : ran (0, g(x)) ⊆ P}

2P

�� �

= 3¬P

�	 � 
� � � � � �� �	 � � 
 ��	 � � � 
 �	 �� � �	 �	 
 � � � � � � � � � � � P�

� �	 � � 2P = {t ∈ � 
 � | ran t ⊆ P}

� �	 �	 >

�� �

= � 
 � � � � F

���

= fin ( � 
 � )
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� � �� 
 	 � � 
 
 �	 � � �	 � � �	 �� � � � � � � �	 S� � � 3p

�� �

= F · p · >�

2p

���

= 3¬p� F
���

= fin>�
Lemma 5.1 
� S� � �� � � � � � � �� �� � � � � �	 � �	 � � 
 � � � � a, b ∈ S� � �

p ∈ test(S)�

� � 2p u a · b = (2p u a) · (2p u b)

� � 3p u a · b = (3p u a) · b + fin a · (3p u b)

� � (2p) · (2p) = 2p
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Lemma 5.2 � � �� 
 	 � �� � � � � � � �� �� � � � � �	 �	 � � �	 �� � � � � � � �	 S� � �

p ∈ test(S)� � �	 � 
� � 
 � � � � � � �	 	 � � 
 �	 �� �	 �� �	 	 � � � �� �	 � � �

� � p ≤ 2p

� � ∀ a, b ∈ S . p u a · b = (p u a) · (p u b)

� � p ≤ 1 · 1
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Lemma 5.3 � � �� 
 	 � �� � � � � � � �� �� � � � � �	 �	 � � �	 �� � � � � � � �	 S� � �

p ∈ test(S)�

� � 2p = p · 2p

� � 
� � � � � � � 
 �� � � � p ≤ 2p� �	 � p(2p) = p
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6 Game-theoretic approach

� 	 � � � � 
 � �� �� � 
� 
 �	 
 � 
 
 �	 � � � � � � �

� � � � � � � � � � � � � 
 � 
� � � � � �	 �

�� �� 
� � � � � � � 
� �� 
 	 �
disjoint games with finite move duration

� 	 � � � � �� � � � � (S1 · S2 · · ·Sn)� � �
(S1 · S2 · · · · · Sn)∗ �	 �� �� � 	 �� � � � �	 �� 
 	

(S1 · S2 · · · · · Sn)ω �	 �� �� � 	 �� � � � � � � � 	 �� 
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why a game-theoretic approach?

� ��� �� � � � � �	 � � � � �	 � � ��	 
 � �	 � � � � � � � � �	 �� � � � 
 � � 	 � �	 	 �

� � �� 
 �� �

� �	 � 
 � � � 
� � � � � � � � � �	 � 
 � � � 
� �	 � �� �� � �	 � �	 � � 
 � 
 �	 � � � � �

� �	 
 � � 
 �	 � �

� � � 
 � �	 � � 
 � 
 
 �	 � � �	 �� �� � � 
� 	 � �	 �

� �	 � 
 � � � 
� �	 � �� � � 
 � 
� � �	 �� � � � � � � 
 � �� � �	 � � � � � �	 ��

�� � � 
 � 
 �� 	 � �	 
 � � 
 �	 � � � � � 
 � �� 
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