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Aim

embed and extend NLget additional results for NLgeneralise the existing results for NLadopt the results to other areas, like graphs and hybrid systems
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1 About Neighbourhood Logic

purpose: reasoning about time intervalsin parti
ular, about neighbouring intervals
hop-based interval temporal logi
s, like ITL and IL, 
annotexpress all desired properties�rst-order interval logi
introdu
ed by Zhou and Hansen in 1996expanded by Zhou and Roymain idea: left and right neighbourhoods as primitive intervals
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left neighbourhood: 3lφ

︷ ︸︸ ︷︷ ︸︸ ︷
φ 3lφ

a b e

3lφ holds on [b, e] i� there exists a ≤ b su
h that φ holds on [a, b]

right neighbourhood: 3rφ

︷ ︸︸ ︷︷ ︸︸ ︷
3rφ φ

b e c

3rφ holds on [b, e] i� there exists c ≥ e su
h that φ holds on [e, c]
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expanding modalitiesneighbours only depends on 
onta
t points

︷ ︸︸ ︷︷ ︸︸ ︷
φ 3lφ

a b e
hara
terise those as a
tion points of sequential 
omposition
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2 Some short definitions

Definition 2.1 idempotent semiring (S, +, ·, 0, 1):

(S, +, 0) 
ommutative monoid (+ is 
hoi
e)

(S, ·, 1) monoid (· is 
omposition)multipli
ation is distributive
(a + b) · c = a · c + b · c a · (b + c) = a · b + a · c

0 is annihilator

0 · a = 0 = 0 · a

a + a = anatural order: a ≤ b ⇔ a + b = b
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Definition 2.2 test semiring (S, test(S)):

S idempotent semiring
test(S) ⊆ [0, 1] Boolean algebra (abstra
t assertions)

Definition 2.3 domain semiring (S, p):
S test semiring
p : S → test(S)

a ≤ pa ·a p(p · a) ≤ panalogously: 
odomain semiringwork on semirings with domain and 
odomaine.g.: [DesharnaisM�ollerStruth04℄
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2.1 Examplesalgebra of intervals
• elements: sets of intervals
• p : starting points, i.e., pI = {[a, a] : [a, x] ∈ I}

• q : ending pointsalgebra of binary relations under relational 
omposition

• p : domain of a relation, i.e., pR = {(a, a) : (a, x) ∈ R}

• q : range of a relationpath algebra under path fusion
• elements: sets of paths in a given graph
• p : starting nodes

• q : ending points

. . .
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3 Embedding of NL

︷ ︸︸ ︷︷ ︸︸ ︷
φ 3lφ

a b e

b is starting point of [b, e]

b is ending point of [a, b]

Definition 3.1

x is a left neighbour of y (or for short: x ≤ 3η ly) i� xq ≤ py

x is a right neighbour of y (or for short: x ≤ 3η ry) i� px ≤ yq
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Let [[φ]] be the set of all intervals where φ holds.

Lemma 3.2

3rφ holds on x ⇔ x ≤ 3η l[[φ]] ⇔ xq ≤ p
(

[[φ]]
)

3lφ holds on x ⇔ x ≤ 3η r[[φ]] ⇔ px ≤
(

[[φ]]
)

q

thus, NL is embedded into semiringsNL 
an be adopted to other interpretations, like graphs
Peter Höfner { 10 { IFM 2005 – Doctoral Symposium



Semiring Neighbours

more neighbours (briefly)perfe
t neighbours (box operators)

2lφ

def
= ¬3l¬φ holds on x ⇔

`

[[¬φ]]
´

q · px ≤ 0

2rφ

def
= ¬3r¬φ holds on x ⇔ xq · p

`

[[¬φ]]
´

≤ 0

x ≤ 2η ry

def
⇔ yq · px ≤ 0 x ≤ 2η ly

def

⇔ xq · py ≤ 0
ombinations 3l3rφ, 3r3lφ

px ≤ py xq ≤ yqboxes of 
ombinations

px · py ≤ 0 yq · xq ≤ 0
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4 Results
underlying theory

• de Morgan dualities
• Galois 
onne
tions, like

3η lx ≤ y ⇔ x ≤ 2η ry 3η rx ≤ y ⇔ x ≤ 2η lysimplifying NL
• at least two axioms of NL 
an be dropped
• additional box operators
• most of the properties of [ZhouHansen℄ follow from theGalois 
onne
tions

• there are expli
it expressions for neighbours,e.g. 3η ly = ⊤ · pyalmost all results of NL 
an be lifted to semirings
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5 Interpretation in other semirings
algebra of binary relations:neighbours: permeability

3η rR = {(x, y) | ∃ w : (w, x) ∈ R, y ∈ M}perfe
t neighbours: full permeability
2η rR = {(x, y) | ∀ w : (w, x) ∈ R, y ∈ M}the relation you 
an only rea
h through Rpath algebra:neighbours: rea
habilityperfe
t neighbours: ex
lusive rea
hability
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Interpretation in hybrid systemsa traje
tory is a pair (i, f) of an interval i and a fun
tion

f : i → Vonly �nite traje
tories !
(℘(TRA),∪, ◦, ∅, 1l) forms a semiringallows statements about neighbours(similar to the original idea)interpretation of neighbours:again some kind of rea
hability [H�ofnerM�oller05℄
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6 Conclusion and Outlook

doneembeded NL into semiringsexpanded NL by additional operators and theoremssimpli�ed NL (some axioms are theorems in our approa
h)

to doexpand neighbours to Lazy semirings [M�oller04℄in
lude in�nite elementsget interpretation of hybrid systems with traje
tories of �niteand in�nity length [H�ofnerM�oller05℄
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