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Lazy Semiring Neighbours

Motivation

interval logi
s are used for spe
i�
ation and veri�
ation ofsafety properties of rea
tive systemsthey 
annot express properties like(unbounded) liveness:\eventually there will be an interval where φ holds"therefore Neighbourhood Logi
 (NL) [ZhouHansen96℄
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Lazy Semiring Neighbours

Deficiencies of Neighbourhood Logic
omplex expressionsreasoning diÆ
ult (too many quanti�ers)refer to single intervals
annot handle intervals of infinite length(ne
essary for rea
tive and hybrid systems)
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Previous Worksets of intervals form Kleene algebra [H�ofner03℄

NL embedded into Kleene algebra with domain [H�ofner06℄

• quanti�ers eliminated
• 
al
ulations on sets of intervals possible
• neighbours via domain/
odomain
• some NL-axioms 
an be dropped
• iteration addedquestion: how to handle infinite intervals ?
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Lazy Semiring Neighbours

Results

NL adapted to weak and lazy Kleene algebras[vonWright00, M�oller04℄
NL expanded
• handling of infinite intervals
• most properties still hold
onne
tion to CTL

∗adaptation to rea
tive and hybrid systems
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OutlineFrom Neighbourhood Logi
 to Semirings

• Neighbourhood Logi

• embedding into Kleene algebra
• dis
ussionAdding infinity to NL

NL, CTL
∗ and hybrid systemsOutlook
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Lazy Semiring Neighbours

From Neighbourhood Logic to Semiringsabout NL:purpose: reasoning about single time intervals
hop-based interval temporal logi
s, like ITL and IL,
annot express all desired propertiesmain idea [ZhouHansen96℄:extend with left and right neighbourhoods
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Neighbourhoodsleft neighbourhood: �lφ

︷ ︸︸ ︷︷ ︸︸ ︷
φ �lφ

� �� �

a b e

�lφ holds on [b, e] i� φ holds on some [a, b]

right neighbourhood: �rφ

︷ ︸︸ ︷︷ ︸︸ ︷

�rφ φ
� �� �

b e c

�rφ holds on [b, e] i� φ holds on some [e, c]
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Propertiesexpanding modalitiesneighbours only depend on 
onta
t points
︷ ︸︸ ︷︷ ︸︸ ︷

φ �lφ
� �� ��

a b esimilar to sequential 
omposition
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︷ ︸︸ ︷︷ ︸︸ ︷
φ �lφ

� �� ��

a b e

b is starting point of [b, e]: [b, b] = dom [b, e]

b is ending point of [a, b]: [b, b] = ran [a, b]use Kleene algebra with domain [DesharnaisM�ollerStruth03℄with sets of intervals as elements
Definitionleft neighbour: x ≤ �

n
ly ⇔df ran x ≤ dom yright neighbour: x ≤ �

n
ry ⇔df dom x ≤ ran y
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Lazy Semiring Neighbours

TheoremLet [[φ]] be the set of all intervals where φ holds. Then

�rφ holds on x ⇔ x ≤ �

n
l[[φ]]

�lφ holds on x ⇔ x ≤ �

n
r[[φ]]
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More Neighbours (briefly)simpli�
ations of 
ombinations, i,e, �r �lφ:

�

φ
� �

�lφ
�

�

�r �lφ

�

• 
ommon endpoints
• yields equations similar to neighbours
• right boundary: x ≤ �b rybox operators also possible:\�lφ holds on [b, e] i� φ holds on all [a, b]"novel box operators of 
ombinations
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Results
underlying stru
ture yields

• de Morgan dualities
• Galois 
onne
tions like

�

n
lx ≤ y ⇔ x ≤ �nry and �

n
rx ≤ y ⇔ x ≤ �n ly

• ri
h 
al
ulus for freesimplifying NL

• some NL-axioms 
an be dropped
• additional box operators introdu
ed
• many properties follow from Galois 
onne
tions
• expli
it expressions for neighbours, e.g., �

n
ly = ⊤ · dom yalmost all results of NL 
an be lifted to semirings
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Adding infinity to NL

NL 
annot handle intervals like [a, ∞)idea: shift to Kleene algebra without right-stri
tness

• 
ompositions of in�nite intervals be
omes

[a, ∞) ; [b, c] = [a, ∞)lazy Kleene algebra:no right-distributivity and right-stri
tness
odomain not dual to domain
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Propertiesneighbours de�ned as beforedistinguish �nite and in�nite parts of an element

• �nite elements form Kleene algebra;all properties hold
• in�nite elements loose propertiese.g. right neighbour of an unbounded interval

�

_
?

� �

b ∞ ?

• all elements are right neighbours of in�nite elementssin
e ran [a, ∞) = 1

• and vi
e versa
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Resultstheory adapted to weak and lazy Kleene algebrasome properties are lost (e.g., due to 
odomain)only one kind of Galois 
onne
tion
NL expanded by intervals with infinite length
• NL 
an now handle infinite tra
es
• NL 
an be used for rea
tive and hybrid systems



2006 P. H�ofner { 16 { RelMiCS/AKA 06



Lazy Semiring Neighbours

Not Only For Neighbourhood Logicneighbours also o

ur in
CTL

∗

• bran
hing time logi
 [Emerson91℄
• algebrai
 version [M�ollerH�ofnerStruth06℄

[[Eϕ]] = dom [[ϕ]] · ⊤ = �b l[[ϕ]]

[[Aϕ]] = ¬dom ([[ϕ]]) · ⊤ = �b l[[ϕ]]hybrid systems
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Conclusion and Outlook

expanded NL by infinity
onne
tion to rea
tive and hybrid systems
onne
tion to CTL
∗knowledge transfer between di�erent frameworks

apply NL to the algebra of hybrid systems [H�ofnerM�oller04℄espe
ially 
ase studies
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