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Motivation

demonic refinement algebra [vonWright04℄

• strong iteration
omega algebra [Cohen00℄
• in�nite iteration
total correctness algebra [M�ollerStruth05℄
• developed from modal Kleene algebra

what is the relationship?
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Results

interde�nability of strong and in�nite iteration
ommand model for demoni
 re�nement algebra
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Outline

Relationship Between Iterations
• demoni
 re�nement algebra (strong iteration)

• weak omega algebra (in�nite iteration)Relationship Between Corre
tness/Re�nement Algebra

• modal Kleene algebra
• 
ommand algebra
• in�nite iterationCommand ModelCon
lusion
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Relationship Between Iterations

Definition 1 demoni
 re�nement algebra [vonWright02℄

• Kleene algebra without right-zero

• strong iteration ω

aω = aaω + 1 (ω unfold)

aω = a∗ + aω0 (ω isolation)

c ≤ ac + b ⇒ c ≤ aωb (ω 
oindu
tion)

Remarkgreatest element ⊤ =df 1ω

⊤a = ⊤
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Definition 2 weak omega algebra [Cohen00℄

• Kleene algebra without right-zero

• infinite iteration ω

aω = aaω (ω unfold)

c ≤ b + ac ⇒ c ≤ aω + a∗b (ω 
oindu
tion)

Remarkgreatest element ⊤ =df 1ω

⊤a 6= ⊤
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Interdefinability

Theorem 3 strong and in�nite iteration are interde�nable

aω =df a∗ + aω

aω =df aω0
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Consequences
onne
t demoni
 re�nement algebra and weak omega algebraknowledge transfer, e.g., 
ommand algebra
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The Command Model

idea: de�ne modal operators from Kleene algebra with domainmodal Kleene algebra: [M�ollerStruth04℄demodalisation/lo
ality axiom
〈a〉p ≤ q ⇔ ¬qap ≤ 0 〈ab〉p = 〈a〉〈b〉premarks:

• 〈a〉p = dom(ap) preimage of p under a

• [a]p = ¬〈a〉¬p

• ri
h 
al
ulus (based on Galois 
onne
tions)
• similar to PDL
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Commandsstandard idea: 
ommand (a, p) with a
tion a ∈ S andtermination 
onstraint p ∈ test(S)

p models must-termination of apre
onditions wlp(a, p) =df [a]p wp.(a, p).q =df p · [a]q
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Algebra of Commands

fail =df (0, 1)

skip =df (1, 1)

loop =df (0, 0)

chaos =df (⊤, 0)

(a, p) [] (b, q) =df (a + b, pq)

(a, p) ; (b, q) =df (ab, p · [a]q)

(COM(S), [] , fail, ; , skip) forms weak semiring [M�ollerStruth05℄natural order: (a, p) ≤ (b, q) ⇔ a ≤ b ∧ q ≤ p
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Refinement Relationre�nement preorder: (a, p) ⊑ (b, q) ⇔df q ≤ p ∧ qa ≤ b

wp.fail.q = 1

• fail is maximal w.r.t. ⊑
• fail establishes any post
ondition
• fail 
an be interpreted as magic

wp.chaos.q = 0

• chaos is re�ned by every 
ommand
• chaos 
an be interpreted as abort
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Command Kleene Algebra

Theorem 4
(a, p)∗ =df (a∗, [a∗]p)yields weak Kleene algebra of 
ommands

but what about omega?
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Towards Omega
onvergen
e operator [DesharnaisM�ollerStruth04℄

△ : S → test(S) satisfying
[a](△a) ≤ △a (△ unfold)

q · [a]p ≤ p ⇒ △a · [a∗]q ≤ p (△ indu
tion)

△a: states without in�nite a-runs
Theorem 5

(a, p)ω =df (aω,△a · [a∗]p)yields weak omega algebra of 
ommands
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Demonic Refinement Algebra of Commandsputting the parts togetherinterde�nability of strong and in�nite iteration
ommand algebra w.r.t. in�nite iteration
Theorem 6 demoni
 re�nement algebra of 
ommandsis de�ned by

(a, p)ω =df (a, p)∗ [] (a, p)ω

= (aω,△a · [a∗]p)
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Discussionsemanti
 justi�
ation of demoni
 re�nement algebrademoni
 re�nement algebra does not 
hara
terise predi
atetransformers uniquelyno similar move for general re�nement algebra and omegaalgebra
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Conclusion and Outlook

links between di�erent notions iterationsknowledge transfere.g., re-use of the existing knowledge (Kleene/omega)demoni
 re�nement 
ommmand algebra

development of 
on
rete re�nement lawsalgebrai
 toolkit
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