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(Concrete) Relation Algebra o | @y

e classical model is based on relation
(a,b) ; (¢,d) = (a,d) ifb=c

undefined otherwise
e point-wise lifting
RsS={r; s | reR,seS,r; sdefined}

e converse
R" ={(b,a) | (a,b) € R}

o (22%* U, {},3,I, ,'.,*)is(concrete) relation algebra

e advantage: pointfree algebraic reasoning
mathematics of program construction
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Models (Concrete) Relation Algebra @m D
N 7~

e (directed) Graphs @ B

— for example: \
G = {(av b)a (av d)? (ba d)7 (C, a)? (dv b)}
GgG = {(CL, b)v (av d)v (bv b)? (Cv b)v (

— operators
o path composition
LJ union
+ reachability
T converse

e many more models such as predicate transformers exist
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. pd
Useful Properties o | @y
N~

e Basic Properties
Rg(SUT)=(RsS)U(RsT)
(R')' =R
(RgS)' =8"gR'

e Complex Properties R S
Modular laws, e.g.,
RsSNTC(RNTgS")gS

Dedekind law
R3SNTC(RNTgS")g(SNR"gT)
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Limitations oA | @Dy

e relations only reflect start- and endpoints
(no intermediate states)

e hence reasoning about paths of graphs complicated
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Weaker Algebras s | @

e path algebras (elements are from E+)
st = s.tail(t) if last(s) = first(¢)

eexample @ 0)
G = {ab, ad, bd, ca, db} \
G s G = {adb, abd, bdb, ...} ® ‘d

econverse: R' = {rev(r) | r € R}
e point-wise lifting yields Kleene Algebra (with Converse)
e modular laws do not hold (look at length of paths)

O O —I_O
RsSNTC(RNTgS" )gS R —
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e
Normalform | Do | @Dy

N~
ewe want s xrev(s) = first(s)

enormalform nf : ¥ — 37 using rewrite rules
aba — a (for all a,b € X)

...aba...cdc\‘ ...abaca\ ...abab ...
...a...cdc /ba...c... ...aca ... .‘/a,a
\a...c... \..a... ...ab...

eequivalence classes: s =t < nf(s) = nf(t)
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A New Model for RA @m D
N~

e new path algebra (elements are from Z*/z)
s V t = nf(s.tail(t)) if last(s) = first(¢)

e example © b)

G = {ab, ad, bd, ca, db} \
G Vs G ={adb, abd, bdb, ...} ) d)

econverse: R' = {rev(r) | r € R}
e point-wise lifting yields Relation Algebra
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Potential Applications & Question DATA | D

e (directed) graphs without “forward-backward loops”

e undirected graphs
e calculations with backtracking

e Paths of Length n
* ). paths of length 1 (neutral element of composition)
). X 2 paths of length 2 (not abstract algebraic)

 how do we characterise paths of length 3, 4 ...
(preferable as an expression in RA)

e other normal forms are possible (later)
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Proof of Modular Laws @m D
N~

e proof point wise (and boring)

lemma modular:
"(P Vs Q) nNRCP Vs (QN (P-VsR))"
proof -
{fix xs
assume as: "xs € (PVsQ) n R"
hence "dps gs sp. pseP A gse€Q A Some xs
by (simp add: set cfusion_ def)
hence "dps gs sp. pseP A qs€Q A Some xs = ps V. gqs A xs € R A sp = cnrev ps A cnhd ps = cnhd xs"
by (metis first cfusion fusion point definedness)
hence "dps gqs sp. pseP A qseQ A Some xs = ps V s A xs € R A sp = cnrev ps A
cnlast (cnrev ps) = cnhd xs A cnrev pseP—"
by (metis (mono_tags, lifting) set cconverse def cnlast cnrev mem Collect eq)
then have "xs € P Vs (Q n (P-VsR))"
by (smt IntI modular auxl modular aux2 cnlast cnrev mem Collect eq
set cconverse def set cfusion def)

ps V. gqs A xs € R A sp = cnrev ps"

}
thus ?thesislj

by blast
ged
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Generalising the Construction ™ Dy
N~

e Tarski Jonsson 1941
(Brandt) Groupoid

Relation Algebra

pointwise lifting

(a) -: G x G — @ is a partial function, with
- is associative (if defined)

(b) ~!': G — G is inverse function, with

a 1-aand a-a!is defined and

if a-bisdefinedthena-b-b'=aanda ' -a-b=0

Category theory:
A groupoid is a small category in which every morphism is an isomorphism,
i.e. invertible.

11 (c) 2020  P. Hofner



Groupoids o | @

e it is straightforward that cancellative paths
(elements of ©1/=) form a groupoid using V and '

s V t = nf(s.tail(t)) if last(s) = first(t)

e properties of groupoids
(a ) t=a

(a-0)"t=b"1 gt
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Constructing More RAs o | @y

e Other normal forms work as well
* no self-loops
aa — aq

* no self-loops and no trivial loops
aba — a aa — a

* “relations”
s — first(s)last(s)

(all “interesting” normal forms lead to groupoid)
X

e but not Ioop-f([g@(graphs
ax*a »—kzd‘o(
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Generalising the Generalisation [ | @y
N~

Semigroupoid > Quantale
(without 1)
Category > Kleene Algebra
(Quantale)
Dagger Category > Kleene Algebra
2;_:1)(_11“):_; with Converse

(a-b)t=0b"1.a71!

(Brandt) Groupoid B Relation Algebra

JonssonTarski4l
- is associative (if defined)

a1 aand a-a ! is defined

if a-bisdefinedthena-b-b"'=aganda ' -a-b=0
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- . . pd
Generalising the Generalisation [ | @y
N~

Semigroupoid > Quantale
l » (without 1)
Category > Kleene Algebra
l (Quantale)
+ converse
Dagger Category > Kleene Algebra
+ “non-intuitive” with Converse
axioms
(remove others)
(Brandt) Groupoid B Relation Algebra

JonssonTarski41
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From Dagger Categories to Groupoids @m D

N~
Dagger Category Path Model
+ “non-intuitive” + non-trivial
AXIOMS normalform
(remove others)
(Brandt) Groupoid Path Model

Is there a relation of (specific) normal forms and the axioms of groupoids?
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From Dagger Categories to Groupoids @m D

N~
Dagger Category Path Model
+ “non-intuitive” + non-trivial
AXIOMS normalform
(remove others)
(Brandt) Groupoid Path Model

small category in which
every morphism is an isomorphism

When does a normal form correspond to isomorphism?
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